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Abstract 

The Ernst-like matrix representation of the multidimensional Einstein-Kalb- 

Ramond theory is developed and the 0(d,d)-symmetry is presented in the 

matrix-valued S'L(2, i?)-form. The analogy with the Einstein and Einstein- 

Maxwell-Dilaton-Axion theories is discussed. 
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I. INTRODUCTION 



Recently much attention had been attracted to the study of symmetries of the dimen- 
sionally reduced low energy effective string theory. Such a theory describes the gravitational, 
dilaton, Kalb-Ramond and a set of n Abelian vector fields in D + d dimensions. It becomes 
0{d,d + ra) -invariant after the compactification of d dimensions on a torus [|I| and allows 
the 0{d,d + n)/0{d) x 0{d + n) coset matrix formulation in the case of = 3 0. The 
transformations of the 0{d,d + n) group were explored for the generation of new solutions 
in this theory as well as for the prediction of the features of exact string excitations [^. 

The four-dimensional Einstein-Maxwell-Dilaton-Axion (EMDA) theory, being the sim- 
plest model of this type, admits instead of the orthogonal representation the symplectic 
one . It was established that this system possesses the 5*^(4, R) symmetry group and 
allows the coset Sp{4, R)/U{2) matrix representation in the stationary case. In the 
Kahler formulation for this model, which generalizes the well known Ernst formalism for 
the stationary Einstein system, was established. Finally, in |^ it was established the com- 
plete formal analogy between EMDA and vacuum Einstein theories in the stationary and 
stationary axisymmetric cases. 

In this paper we show that the 0{d, d) symmetric [n = 0) effective heterotic string theory, 
which describes the Einstein and Kalb-Ramond (EKR) fields, admits classical procedures 
well known for the stationary Einstein system. Namely, the EKR relations directly map to 
the Einstein ones under the change of the symmetric matrix G, constructed on the additional 
Kaluza-Klein metric components, by the real part of the vacuum Ernst potential /, and 
the antisymmetric Kalb-Ramond matrix B by its imaginary part ix, correspondingly. We 
construct the matrix scalar-vector Lagrange representation of the model which relates with 
the original metric (non-target space) formulation of the Einstein theory. 

Following Maharana and Schwarz we unite the metric and Kalb-Ramond matrices into 
the d X d matrix X = G + B which provides the Ernst-like formulation of the problem. It 
is shown that in terms of this matrix the target space duality group becomes the matrix- 
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valued SL{2, R) one. Its three subgroups are identified as the matrix generahzations of 
the gauge shift, rescahng and Ehlers transformations for the vacuum Einstein theory. The 
consequences of the imposition of the additional axisymmetric property will be presented in 
the following publications. 

II. CHIRAL MATRIX FORMULATION 

In this paper we discuss the system with the action 

s = Jd'+d^\gr^{^-n + ^H'Y (1) 

where TZ is the Ricci scalar for the metric Qmn, {M = 0, ...,3 + d) and 

T-Cmnl = QmBml + eye. perms. (2) 

Such a system arises in the low energy limit of heterotic string theory or in the frames of 
= 1 supergravity. It does not contain the dilaton and gauge vector fields, so that this 
theory coincides with the (3 + c?) -dimensional Einstein-Kalb-Ramond one. 

Following Maharana and Schwarz one can extract d dimensions using the Kaluza- 
Klein compactification on a torus. Doing so one obtains the 0((i, (i)-symmetric cr-model 
action describing 3-dimensional gravity coupled with a set of scalar and Abelian vector 
fields 0. (The Sen's formulae can be transformed into the our ones using the replacement 
7 — > (i and 16 — n.) In this work we study the case when the vector fields are not present, 
i.e., we suggest that the metric and Kalb-Ramond field components with mixed indeces are 
equal to zero: 

Q^i,n+2 = ^At,n+2 = 0, (3) 

/i = 0,...,2; n = l,...,d. It is easy to see that such a restriction does not provide any 
constraints on the remainder variables and can be considered as a non-trivial ansatz for the 
EKR theory. 
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In lU and p[ it is shown that the result of the Kaluza-Klein compactification can be 
represented using the following 3-dimensional effective action: 



R+lxr (J 



tM\2 



(4) 



where J^^ = VMM ^. Here the curvature scalar is constructed on the 3-metric g^j^i, 



Qfj_iy and the chiral matrix M is defined as 



M = 

with Gmn = Qm+2,n+2 Slid -Bmn 

the relations 



BG-^ 



-G-^B 
G-BG-^B 



(5) 



'Bm+2,n+2 (thus G^ = G, B^ = —B). This matrix satisfies 



M'^ = M, Mr]M = T], where 



V 



Id 
Id 



(6) 



i. e., belongs to the coset 0{d,d)/0{d) x 0{d) HTj]. 

It is easy to see that the form of the Gauss decomposition (5) is very similar to the 
ones of Einstein and Einstein-Maxwell-Dilaton-Axion theories Q. Moreover, the case of 
an arbitrary value of d corresponds to the general case of the Sp{2d, R)/U{d) chiral matrix 
0. The only difference is connected with the sign "-" in the upper right part of (5) and 
with the antisymmetric character of the matrix B. As it will be shown below, the analogy 
between EKR theory and symplectic systems permits to perform all the classical procedures 
well known for the stationary Einstein theory. 

The action (4) allows the symmetry transformations belonging to the group 0{d,d). 
Namely, any matrix G G 0{d,d), i. e. satisfying the relation G^rjG = r], defines an 
automorphism 



M G^MG 



(7) 



for the target space of the problem. The explicit form of a group matrix which can be 
continuously transformed to the unit one is: 



c 



J 



where = —R and = —L. As an example of 0{d,d) transformation which can not 
be parametrized according to (8), one can take the transformation defined by the matrix 
7]. It corresponds to the recently discussed strong-weak coupling duality transformation 
M —>■ ( and ||T^) which formally exists for any chiral matrix. 

It must be noted that the EKR theory with 7^ and i3^,2+m 7^ is also 0{d, d)- 

symmetric [Q, but only the ansatz under consideration allows the formalism developed 
below. 



III. ERNST MATRIX POTENTIAL 



The set of Euler-Lagrange equations corresponding to the 3-action (4) 



VJ^ = 0, 



= -Tr 



jM jM 



(9) 
(10) 



can also be written in terms of the matrices G and B: 



VJ^ - J^J^ = 0, 



V - ( J^)2 = 0, 



:i2) 



R„ 



-Tr 



jGjG _ jBjB 



(13) 



where J*^ = VGG ^ and = VBG ^. One can prove that these equations correspond to 
the action 



d^x\ g 



^R + ^Tr 



{J<^f - (J-) 



B\2 



(14) 
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This action, as well as Eqs. (11)-(13), can be directly transformed into the stationary 
Einstein ones by the replacement 

G^f, B^tx, (15) 

where / is the Qu metric coefficient and x is the rotational potential. It is well known that 
the Ernst potential E = f+ix [Ol plays an important role in the Einstein theory. It provides 



the Kahler formulation for the stationary Einstein system |12|, and allows to represent the 
stationary axisymmetric field configurations in compact form. Using the substitution (15) 
one can introduce the analogy of the Ernst potential of the Einstein theory for the EKR 



one: 



X = G + B, (16) 



which firstly was considered in |l|]. 

It can easily be verified that Eqs. (11)-(13) can be rewritten as 



VJ^ = (J^ + J^") , (17) 



u) ) . 



where = VX(X + X'^)~^. This system is very similar to the Ernst one 0]- [§] for the 
symplectic theories and so, the matrix function X can be called "matrix Ernst potential" 
by natural reasons. 

The corresponding to Eqs. (17) and (18) action has the form 

= J d^x\ g\^-'R + Tr{J''J''^)} . (19) 

One can see that the complex conjugation in the Einstein case transforms into the trans- 
position in the EKR one. The symmetries of this action can be directly obtained from the 
formulae (5), (7) and (8) for the chiral matrix M. As result one obtains that the transfor- 
mation 



X ^ S^[X-^ + L]-^S + R (20) 

has the same sense that Eq. (7). Thus, the complete set of isometry transformations of 
EKR theory has a matrix-valued SL{2, R) form. This allows to understand the subgroups 
determined by matrices R, S and L as the matrix analogies of gauge shift, rescaling and 
Ehlers transformations, correspondingly |14 . 



IV. DUALIZATION PROCEDURE 

Now let us establish an alternative Lagrange formulation of the problem based on the 
use of non-target space variables. One can see that Eq. (11), being rewritten as 

V[G-\VB)G-'] = 0, (21) 

ensures the compatibility conditions for the relation 

V xQ = G-\VB)G-^ (22) 

— * _ 

which defines the antisymmetric vector matrix Q. This matrix provides another represen- 
tation of the EKR system corresponding to the original metric one of the case of Einstein 
theory and [0, i. e., the formulation with the metric components Ui = gu^^gu- 



It is easy to see from Eq. (22) that the matrices G and Vl satisfy the relation 

V X [G ( V X r2) G] = which also can be rewritten using the matrix current = G V xVL 
as 

V X - X = 0. (23) 
This relation together with Eqs. (12) and (13), expressed in terms of the matrices G and VL 

VJ^-(j^)^ = 0, (24) 

^R,, = -Tr {Jp'^ - Jp^) (25) 
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form the complete set of the Euler-Lagrange equations for the action 

^S = J (fx\ h p|-3/? + iTr 

thus these matrices provide an alternative Lagrange formulation of the theory under consid- 
eration. A similar procedure for the symplectic Sp{2d, R)/U{d) theories has been performed 
ini. 

At the end of the paper we would like to remark that the low energy limit of het- 
erotic string theory with dilaton and n Abelian vector fields, being reduced to three di- 
mensions 0], also allows a dualization procedure. As it can be shown, this procedure 
is more similar to the Einstein-Maxwell one, than to discussed here Einstein-like con- 
struction. The reason of such a remarkable circumstance is related with the closed anal- 
ogy between the 0{d,d + n)/0{d) x 0{d + n) chiral matrix of the string system with the 
SU{1,2)/U{1) X SU{2) coset matrix of Eistein-Maxwell theory [0. 



+ (J 



n\2 



(26) 



V. CONCLUSION 



It is easy to see that Einstein-Kalb-Ramond system allows all the classical procedures 
established for the Einstein and Einstein-Maxwell-Dilaton-Axion theories in the stationary 
axisymmetric case. Namely, in the forthcoming publications it will be shown that this sys- 
tem, being reduced to two dimensions, also allows the Kramer-Neugebauer transformation 
( 11131' [H ^^"^ [H)' alternative (Belinsky-Zakharov-like [|l^) chiral matrix formulation 
and, moreover, the construction of the Geroch group ||19|- and the 0(d, d) matrix 
analogy of the Hauser-Ernst formalism ||2l|- ||2r 
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